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Abstract—We study a few transient effects of AT-cut quartz
thickness-shear resonators, including resonator turning on and
turning off as well as voltage amplitude and frequency fluctuations. Mindlin’s two-dimensional plate equations are used
and solved analytically. Both a sudden change and a gradual
change of the driving voltage are studied. It is found that for a
resonator with a frequency of 1.649430868 MHz and material
quality factor of Q = 105, the characteristic time scale of the
transient effects is of the order of 0.1 s.

I. Introduction

P

iezoelectric crystals are widely used to make resonators for time-keeping, frequency generation and
operation, telecommunication, and sensing. Quartz is the
most widely used crystal for resonator applications. A
large portion of quartz resonators operate with the socalled thickness-shear (TSh) vibration modes of a plate
[1], [2]. The frequencies of these modes are mainly determined by the plate thickness, in contrast to the usual
extensional or flexural modes of plates used in structural
engineering whose frequencies are strongly dependent on
the plate length and width. Because the plate thickness
is much smaller than the length or width, the TSh modes
used in crystal plate resonators have much higher frequencies and are therefore called high-frequency modes. These
modes can be conveniently excited by an electric field in
the plate thickness direction produced by a voltage across
a pair of electrodes at the plate top and bottom. Quartz
TSh resonators have been the subject of sustained study.
TSh vibrations of quartz plates, elastic or piezoelectric,
were analyzed in some early papers [1]–[4]. The effects
of electrodes separated from the plate surfaces and the
related air gaps between the electrodes and the plate were
studied in [5]. When a thin layer of a different material is
deposited on a crystal plate resonator, the TSh frequencies are lowered because of the inertia of the additional
mass layer. This effect has broad applications in mass sensors, quartz crystal microbalances [6]–[9], and the design
of the electrodes on quartz resonators [10]–[13]. TSh-mode
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quartz resonators have also received wide attention as
fluid sensors for viscosity/density measurement [14]–[18].
Recently, the effects of microparticles on TSh quartz resonators were investigated in [19] for particle characterization.
In all of the analyses in [1]–[19], only time-harmonic
TSh motions of a quartz plate resonator were considered.
Although a time-harmonic analysis can provide the most
basic frequency behaviors of a quartz resonator, including
resonant frequencies and mode shapes, there are transient
effects important in resonator operations that cannot be
described by time-harmonic solutions. For example, resonator turning on or turning off are avoidable transient
processes. When a resonator is in harmonic operation,
fluctuations of the driving voltage also induce transient
effects. The accurate prediction and control of these transient effects are of fundamental importance for better resonator performance.
In this paper, we analyze theoretically a few basic
transient effects in TSh quartz plate resonators. Because
of material anisotropy and electromechanical coupling,
theoretical analysis of quartz resonators is usually very
complicated mathematically. We use the two-dimensional
equations for thin piezoelectric plates developed by Mindlin [20] which have proven to be very effective in theoretical analyses of quartz TSh resonators.
II. Governing Equation
Consider a thin piezoelectric plate of rotated Y-cut
quartz with thickness 2b and density ρ as shown in Fig.
1. Rotated Y-cuts include the most widely used AT-cut
as a special case. The length 2a and width 2c of the plate
are much larger than the thickness. The plate normal is
along the x2 axis. The x1 and x3 axes are in the middle
plane of the plate. We neglect edge effects and consider
pure thickness modes, independent of x1 and x3. The plate
is effectively unbounded in the x1–x3 plane. It is electroded
at x2 = ±b, with a driving voltage V(t) applied across
the electrodes. The electrode thickness and density are
neglected. TSh modes can exist in an infinite quartz plate
of rotated Y-cut quartz alone without couplings to other
modes. We consider the fundamental TSh mode and employ the first-order theory by Mindlin [20]. In this theory,
the displacement field of the fundamental TSh mode is
approximated by [20]
u 1 ≅ u 1(x 2, t) ≅ x 2u 1(1)(t),

u 2 ≅ 0,

u 3 ≅ 0.

(1)

From [20, Eq. (30)], for pure TSh modes in an unbounded
plate, setting all derivatives with respect to x1 and x3 to
zero, we obtain the following ordinary differential equation governing u 1(1)(t):
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Fig. 1. A rotated Y-cut quartz plate and coordinate system.

−3b −2(κ12c 66u 1(1) + κ1e 26φ (1)) = ρu1(1),

(2)

where c66 and e26 are the relevant elastic and piezoelectric
constants. For an electroded plate, the shear correction
factor κ1 in (2) is given by [20]

(

)

e2
e2
8 2
π2
2
, k 26
= 26 , cˆ66 = c 66 + 26 ,			
1 − 2 k 26
12
ε 22cˆ66
ε 22
π
		
(3)
κ12 =

where ε22 is the relevant dielectric constant. In (2), the
first-order plate electric potential ϕ(1)(t) is related to the
driving voltage V(t) through [20]
φ (1) =

1
V (t).
2b

(4)

Substitution of (4) into (2) yields
u1(1) + ω 02u 1(1) + cu 1(1) = αV (t),

(5)

where we have denoted
ω 02 = 3b −2κ12c 66/ρ,

α = −3κ1e 26/(2ρb 3).

(6)

ω0 is the resonant frequency of the fundamental TSh
mode. In (5), we have introduced a damping term, cu 1(1), in
the manner of [21] with the damping coefficient
c = 2ω 0ζ = ω 0/Q,

(7)

where ζ is the relative damping coefficient and Q is the
material quality factor.

Consider the sudden application of a time-harmonic
driving voltage on a resonator at rest when t = t0. The
initial-value problem consists of (5) with the applied voltage

and initial data

{V0, exp(iωt),

t < t 0,
t ≥ t 0,

u 1(1)(t 0) = u 0,

(8)

u 1(1)(t 0) = v 0,

(9)

where V is a constant. The solution to the initial-value
problem can be obtained in a straightforward manner.
The result can be written as
u 1(1)(t) = C 1 exp(λ1t) + C 2 exp(λ2t) + C 3 exp(i ωt), (10)
where
λ1,2 =

III. Sudden Changes of Driving Voltage

V (t) =

Fig. 2. Effects of damping on resonator turning on and off: (a) Q = 105,
(b) Q = 2 × 105.

−c ± i 4ω 02 − c 2
.
2

(11)

The C1 and C2 terms are the transient part and the C3
term is the steady-state part of the solution. They depend
on the initial data and the driving term, respectively, in
addition to ω0 and c.
For numerical results, we consider a quartz plate with
a thickness of 2b = 1 mm. The material constants of ATcut quartz can be found in [22]. For quartz, Q is of the
order of 105. We use Q = 105 except in Fig. 2(b). The
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amplitude of the driving voltage V = 1 V except in Fig. 4.
In this case, the fundamental thickness-shear frequency ω0
= 1.649430868 MHz. The corresponding period is 6.0627
× 10−7 s. We examine the displacement of the plate top
surface (where the displacement is large) versus time, i.e.,
u1(b, t).
Fig. 2 shows the result when the resonator is turned
on at t = 0 s with u0 = 0 and v0 = 0, and then turned
off at t = 0.2 s for two different values of Q. The driving
frequency ω = ω0 = 1.649430868 MHz. During the time
interval shown, the resonator goes through many cycles.
The curve of u1(b, t) makes many turns and effectively
fills an area whose boundary is the envelope of the u1(b, t)
curve. In Fig. 2(a), the amplitude of the surface displacement starts from zero, increases monotonically, and then
reaches steady-state vibration in about 0.1 s. During 0.1 s,
the resonator goes through 1.6494 × 105 cycles. We note
the difference in the convexity of the envelope of the turning on and turning off processes. In Fig. 2(b), because the
damping is about half of that in Fig. 2(a), the amplitude
is larger. For smaller damping, it takes longer for the resonator to reach steady-state or come to rest as expected
because the effect of initial data dies out more slowly.
Fig. 3 shows the turning on and off of resonators with
different resonant frequencies. For Fig. 3(a), b = 1 mm
and ω = ω0 = 0.82472 MHz. For Fig. 3(b), b = 1.5 mm
and ω = ω0 = 0.54981 MHz. Clearly, a thicker resonator
with a lower frequency has a longer transition time.
In Fig. 4, we show the effect of a sudden and temporary
rise of the amplitude of the driving voltage. The driving
frequency is still ω = ω0 = 1.649430868 MHz. At t = 0.2 s,
V is increased from 1 to 1.5 V, and then at t = 0.3 s, V is
decreased back to 1 V. The amplitude of the voltage fluctuation is exaggerated so that it can be seen clearly in the
figure. The behavior is similar to that in Fig. 2, except
that the displacement begins with and goes back to a
steady-state amplitude instead of zero.
Fig. 5 shows the effect of a sudden increase of the driving frequency by 10 Hz between t = 0.2 s and t = 0.35 s
for a resonator which is already in steady-state motion.
This 10 Hz of deviation from the resonant frequency is a
realistic number because typical frequency shifts in resonators are of the order of ppm (parts per million). The
time scale of the transient processes of the amplitude drop
and rise is about 0.1 s. When the driving frequency is off
by 10 Hz, the displacement amplitude decreases significantly, almost by one half. We also note that in this case,
the convexity of the amplitude drop and rise are the same.
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Fig. 3. Effects of resonant frequency on resonator turning on and off: (a)
ω0 = 0.82472 MHz, (b) ω0 = 0.54981 MHz.

IV. Gradual Changes of Driving Voltage
The sudden change of the driving voltage analyzed in
the previous section is an idealization of a real voltage
change, which always takes a small amount of time to occur. In this section, we analyze the more realistic situation
in which the voltage change has a characteristic time τ.
The case of a sudden voltage change can be viewed as a

December

Fig. 4. Effects of driving voltage amplitude fluctuation.
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Fig. 5. Effects of driving voltage frequency fluctuation.

special case with τ = 0. Specifically, consider the resonator turning-on process with the following applied voltage
and initial data:
V (t) =

{(01, − e

−t / τ

u 1(1)(0) = 0,

t < 0,
)V exp(i ωt), t ≥ 0,
u 1(1)(0) = 0.

(12)
(13)

The solution of (5) under the conditions of (12) and (13)
can be found as
u 1(1)(t) = C 1 exp(λ1t) + C 2 exp(λ2t) + C 3 exp(i ωt)
(14)
1 

+ C 4 exp  i ω − t  ,

τ 

(

)

where C1 through C4 are constants depending on the parameters in (5), (12), and (13). We plot (14) for three
different values of τ = 0 s, 10−4 s, and 2 × 10−4 s in Figs.
6(a), 6(b), and 6(c), respectively. When τ = 0 s, the resonator begins to vibrate noticeably immediately after the
driving voltage is applied, as seen in Fig. 6(a). In Figs.
6(b) and 6(c), the resonator is slower to start, and the
displacement amplitude grows more slowly.
V. Conclusion
Simple analytical solutions are obtained from Mindlin’s first-order plate equations for transient vibrations
of an AT-cut quartz TSh resonator. The solution shows
that the typical response time for the resonator to adjust
to a sudden change of the driving voltage amplitude or
frequency is of the order of 0.1 s when the frequency is
1.649430868 MHz and the material Q is 105. For higher
Q or lower resonant frequency, the response time becomes
longer. When the driving frequency is off resonance by
10 Hz, the vibration amplitude is decreased by about one
half.

Fig. 6. Effects of gradually changing driving voltage: (a) τ = 0 s, (b) τ =
10−4 s, (c) τ = 2 × 10−4 s.
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